Abstract. Boundary and interface conditions for high order finite difference methods applied to the constant coefficient Euler and Navier-Stokes equations are derived. The boundary conditions lead to strict and strong stability. The interface conditions are stable and conservative even if the finite difference operators and mesh sizes vary from domain to domain. Numerical experiments show that the new conditions also lead to good results for the corresponding nonlinear problems.
Another important concept is strong stability. An approximation is strongly stable if the solution,
including the values at the boundary points, can be estimated in terms of all data in the problem [17] . The stability estimate in the strongly stable case leads directly to the error estimate if no extra or numerical boundary conditions are necessary. Stability analysis using the Laplace transform technique leads to strong stability if the Kreiss condition is satisfied; see [18] and [9] paper IV. Note that strict stability leads to strong stability, but strong stability does not imply strict stability.
Most investigations regarding HOFDM are done on linear hyperbolic model equations with constant coefficients on a uniform mesh. However, nonlinear Navier-Stokes calculations on nonuniform meshes have been performed [19] . One of the conclusions in [19] was that the treatment of the metric derivatives is a crucial point for nonsmooth meshes. This problem is analyzed in [20] where so called mimetic difference operators (discrete operators with the same symmetry properties as the continuous operators) are derived.
In [15] , strict stability for parabolic and hyperbolic systems in curvilinear coordinates on a single domain were investigated.
Generating a smooth grid around a complex configuration can be very difficult, if not impossible, and is often the most time-consuming aspect of the solution procedure. This fact has limited the use of HOFDM in practical calculations to the small class of simple geometries which can be smoothly mapped onto the unit cube. In this paper we consider a structured multiblock approach in which each subdomain is discretized by using a discrete operator with the SBP property. The subdomains are patched together to a global domain by using suitable interface conditions. This technique was used in [21] , [22] and [23] for Chebyshev spectral methods.
In [24] , stable and conservative interface conditions for HOFDM applied to the scalar advection-diffusion equation on multiple domains were derived. In each subdomain the step size was constant but significantly different from that in the adjacent subdomains. Also, the finite difference operators could vary from subdomain to subdomain. In this paper we will generalize the results in [24] and extend the analysis to the one-dimensional constant coefficient Euler and Navier-Stokes equations.
The rest of this paper will proceed as follows. In section 2, some basic definitions are given. In section 3, the Navier-Stokes equations on conservative, primitive, and characteristic variable form are given. In section 4, the continuous problem is analyzed, while the discrete problem is investigated in section 5. Numerical experiments are performed in Section 6 and we summarize and draw conclusions in section 7.
Definitions. Consider the linear initial boundary value problem
w t = P w + δF (x, t) , x ∈ Ω , t ≥ 0,
where P is the differential operator and L C is the boundary operator. The initial function δf , the forcing function δF , and the boundary data δg are the data of the problem; w denotes the difference between a solution with data f ,F ,g and one with data f + δf ,F + δf ,g + δg. There are many concepts of well posedness, see [17] . Here we consider the following definition. The semidiscrete version of (2.1) is (w j ) t = Qw j + δF j (t) , x j ∈ Ω , t ≥ 0, w j = δf j , x j ∈ Ω , t = 0, ,
where Q is the difference operator approximating the differential operator P , δF j is the forcing function, δf j the initial function, L D the discrete boundary operator where numerical boundary conditions are included, and δg the boundary data. It is assumed that (2.3) is a consistent approximation of (2.1). Closely related to the concept of well posedness is the concept of stability. 
where ∆x is the mesh size.
For later reference we also define some useful matrix operations; see [25] .
Definition 4. Let A be a p × q matrix, B be an m × n matrix, and I l the l × l identity matrix, then
The p × q block matrix A ⊗ B and the l × l block diagonal matrix I l ⊗ B are called Kronecker products. There are a number of rules for Kronecker products (see [25] ). In this paper we will make use of,
The following lemma will be used frequently below; it is a direct consequence of the first rule in (2.6).
3. The Euler and Navier-Stokes equations. The one-dimensional constant coefficient NavierStokes equations in primitive (W ), characteristic (C), and conservative (Q) variable form are 
Note thatRR
The transformation (3.2) implies that the matrices and fluxes in (3.1) arē
The dependent variables and parameters ρ,u,T ,p,c, M ∞ ,µ,λ,κ,P r,γ and are respectively the density, x,y,z components of the velocity, the temperature, the pressure, the speed of sound, the free-stream Mach number, the shear and second viscosity, the coefficient of heat conduction, the Prandtl number, the ratio of specific heats, and the inverse Reynolds number. The notationsθ = (λ + 2μ)/ρ,φ = (γ − 1)κ/(P rρ), α = 2/(γ − 1) has also been introduced.
The continuous problem.
In this paper we will consider interface conditions between subdomains. However, interface conditions are closely related to boundary conditions; therefore, we start with the single domain problem.
The continuous single domain problem.
To make the presentation self-contained, some results in [27] are included in this section. Consider the Navier-Stokes equations on characteristic form,
where
there is inflow at x = −1 and outflow at x = 1.
denote the L 2 scalar product, the L 2 norm, and the boundary norm respectively. The energy method applied to (4.1) leads to
The boundary conditions (see [27] and [22] )
T and
Integration of (4.4) leads to
where 0 < η < 1, δ = min |d j |, D = |Λ|H, and
Note that (4.2),(4.3) reduce to the characteristic boundary conditions for the Euler equations as → 0. Uniqueness follows directly from the estimate (4.6). Existence can be shown by using the Laplacetransform technique or via difference approximations; see [26] and [28] . Since (4.6) is of the form (2.2), we can conclude that the following theorem holds. 
and 
The analysis of the single domain problem implies that the boundary terms at x = −1 are negative semidefinite with the boundary operators (4.10). At the interface x = 0, we have
Well posedness for the Euler equations ( = 0) requiresŨ −Ṽ = 0 sinceΛ is nonsingular. With that choice we get
denotes the primitive variables in the left and right domain respectively. The structure ofB (see (3.4) ) and a transformation to the original coordinate system lead to the following theorem.
Theorem 2. If Theorem 1 holds and the interface conditions
are used, then (4.7) and (4.8) are strongly well posed.
Remark. The problems (4.7) and (4.8) are strongly well posed in the sense that the solutions can be estimated in ternms of the data in the corresponding one domain problem (4.1).
Remark. The condition (4.12) in primitive variable formulation is
The discrete problem.
Let U ,DU be the numerical approximations of the scalar quantities u and u x respectively. The approximation DU of the first derivative
and 0 < p min ∆xI ≤ P ≤ p max ∆xI. Operators of the SBP type arise naturally with centered difference approximations; for examples see [11] , [29] , [12] , [30] .
The second derivative can be obtained by applying the first derivative operator twice. Such an approximation satisfies the SBP rule (5.1) exactly. However, there are drawbacks with such a procedure. A second derivative formed in that way is unnecessarily wide and inaccurate and can lead to odd-even mode decoupling. A second derivative operator with the following properties,
was suggested in [24] . The matrix D is given in (5.2); M is positive definite, i.e., U T M U > 0 and 0 <
S is a diagonal matrix with a discrete representation of the first derivative on the first and last rows,
where |T e3 | = O(∆x r ) and
The second derivative defined in (5.3) and (5.4) satisfies a modified SBP rule We have So far we have considered difference approximations of scalar quantities. The corresponding approximations for vector quantities are defined by using Kronecker products (see definition 4). The spatial operators D, D 2 and the matrices that define them are of the form B ⊗ I 3 in this paper. As an example, P −1 Q means
In the sequel, that notation is implied.
Let H = H T > 0; for later reference we introduce the notations
5.1. The discrete single domain problem. We introduce a uniform mesh
The finite difference approximation of (4.1) with the SAT technique [16] for boundary conditions is
The unknown diagonal matrices σ −1 and σ +1 will be determined below.
Stability. The energy method leads to
The definition of the first derivative operator P −1 Q and Lemma 1 leads to
The definition of the second derivative operators
respectively.
By introducing (5.11),(5.12) and (5.13) into (5.10) we get
where the scalar products and norms are defined in (5.5) and
are the discrete versions of (4.2)-(4.3), with one important modification. In [27] it is shown that the two outflow conditions in (4.3) determine the value of the last row ofXC x in terms of the in-going characteristic variable and boundary data; i.e., (4.3) implies that
To explicitly incorporate (5.15) into (5.6) we use
where (g +1 ) 3 is equal to the right-handside of (5.15). The boundary conditions (5.16),(5.17) inserted in (5.14) yields
The choice, .20) i.e., a growth rate which is exactly the same as in the continuous case (compare (5.20) with (4.4)). The definitions of Λ I , Λ O are given in (4.5). Integration of (5.20) leads to
The estimate (5.21) is similar to (2.4) and hence (5.6) is a strongly stable approximation. The problem (5.6) is also strictly stable (we can choose η D = η and δ D = δ, see (4.6),(2.5)). We can summarize the result in the following way. 
Accuracy. The problem describing the deviation
between the exact continuous solution and the discrete approximation given by (5.6) is 
In [31] and [32] it is shown that difference approximations to mixed hyperbolic-parabolic equations retain the accuracy of the interior scheme (O(∆x m )) if a finite number of points (independent of the total number) are closed with boundary stencils (O(∆x n )) that are one order less accurate. A requirement for that conclusion is that an energy estimate holds, which in turn means that the mathematical boundary conditions must be approximated to the order of the internal scheme. The discussion above implies that that n = m − 1 and r = m is necessary.
We will now apply the theory in [31] and [32] to the type of difference approximations considered in this paper, i.e., where difference operators of the SBP type are used together with a penalty formulation for the boundary conditions. First, we split E and the T into two parts, i.e., E = E 1 + E 2 and T = T 1 + T 2 where 
Finally we use the Laplace-transform technique to take care of the boundary error and estimate E 2 .
So far, the treatment has been general. However, in order to keep the algebraic complexity at a reasonable level, we now need to simplify and be specific. We will consider the inviscid ( = 0) Euler equations at an inflow boundary approximated with the second order scheme given by (A.1) and (A.2) in appendix A. The half-plane problem obtained by Laplace-transforming (5.22) with E, T replaced by E 2 , T 2 becomes 
where the branch of the square root is the one with positive real part for Re(s) ≥ 0. The case when λ j = 0 presents no problem; it only reduces the number of equations in (5.6). In the sequel, we assume λ j = 0.
The first equation in (5.25) leads to i.e., the Kreiss condition is satisfied. Parseval's relation and the fact that E 2 j (t) cannot depend on g 0 (T ) for t < T leads to Remark. The procedure that was exemplified above to prove accuracy in the second order accurate case is general. The last step where one uses the Laplace-transform technique to estimate the boundary error E 2 is not necessary i) if the boundary stencils have the same order of accuracy as the internal stencil, i.e., n = m and ii) if the approximation of the mathematical boundary conditions is one order more accurate,
i.e., r = m + 1.
The discrete multiple domain problem.
A finite difference approximation of the coupled problems (4.7) and (4.8) is 
The values of σ −1 and σ +1 that lead to strict and strong stability for the discrete single domain problem are given in (5.19). We must still determine σ
R can be different in the left and right domains and that ∆x L = ∆x R .
Conservation.
To calculate the strength and speed of a shock with finite mesh size, one needs a conservative scheme. Let us start by considering a continuous problem in conservation form, u t + f x = 0, |x| ≤ 1, t ≥ 0. Integration over the domain leads to
i.e., the total change of u in the domain is only due to the flux through the boundaries. Note that integration of f x over the the domain reverses the differentiation process and leaves information only at the boundaries.
Let F, DF denote the numerical approximations of f, f x . The discrete SBP derivative satisfies 
The operator l T P is the discrete integration operator. This operator reverses the process of differentiation, leaves information only at the boundaries, and converges to the continuous integration operator as ∆x → 0.
We can now prove the following theorem.
Theorem 5. The approximation (5.30) of the problem (4.1) is conservative if
where the matricesΛ andX are given in (3.5) , (3.6) .
Proof :
where BT includes the boundary terms at x = ±1. To obtain (5.33) we have made use of Lemma 1.
The inviscid terms can be written
Next, we consider the viscous terms. Both
By inserting (5.34) and (5.35) into (5.33), neglecting the boundary terms at x = ±1, letting F = 0, and applying condition (5.32), we obtain (l
i.e., the approximation (5.30) is conservative.
Stability. We start with the following observation.
Remark. Stability of the one domain problem does not imply stability of the multiple domain problem.
Stability means that the solution can be estimated in terms of the (bounded) boundary data. In a multiple domain problem, the boundary data are made up of the solution(s) in the other domain(s). Boundedness of the data would require an a priori assumption.
The main result of this paper is given below. 
Theorem 6. The approximation (5.30) of the problem (4.1) is both strictly and strongly stable if
The matricesΛ,X are given in (3.5) , (3.6) .
Proof : Strict and strong stability of (5.30) follows if the interface treatment at x = 0 is of a dissipative nature. For that reason we neglect the terms at the boundaries x = ±1 and use F = 0. The energy method leads to
Equations (5.11),(5.12) and (5.13) lead to
By inserting (5.38)-(5.41) into (5.37) and neglecting boundary terms at x = ±1 we obtain
The problem (5.30) is strictly and strongly stable if E is negative semidefinite. E is an almost full matrix; to obtain explicit stability conditions, simplifications of E are necessary. The energy method applied to the continuous multiple domain problem leads to (4.11) which suggests that the variables
are of interest. The use of these variables and the conservation conditions in Theorem 5 leads to
To show that E 1 is negative semidefinite, first assume that the first condition in (5.36) holds. Secondly, add and subtract the matrix −2β X to the upper left block in E 1 . The condition for negative semidefiniteness (see Lemma 1) becomes
The first term in (5.42) is nonpositive if the second relation in (5.36) holds. Negative definiteness that implies Λ E2 ≤ 0 is obtained if the third relation in (5.36) holds.
Accuracy.
In this section we will consider the accuracy close to the interface. The procedure is similar to the one used in section 5.1.2 for the single domain problem. The problem describing the deviations
between the exact continuous solutions and the discrete approximations given by (5.30) is
For simplicity, we have used the notation U =Ũ and V =Ṽ . Note also that the terms at the boundaries x = ±1 are neglected. The treatment at the boundaries x = ±1 has been discussed in section 5.1.2.
T L and T R are the truncation errors from the approximation of the differential operator and the interface conditions. The truncation errors have the general structure
The discussion in section 5.1.2 on the size of the truncation error is applicable also for the interface problem.
Following the procedure in section 5.1.2, see [31] , [32] , one splits up the errors in two parts, the first part (T 
Also the error is divided into two parts; i.e, we consider
By using the energy method, U 1 and V 1 will be bounded by T 1 L and T
1
R . This procedure is straightforward, entirely similar to the one in section 5.1.2 and will therefore not be repeated here. Suffice it to say that the stability conditions given in Theorem 6 lead to 
The last four equations in (5.44) lead to
where the branch of the square root is the one with a positive real part for Re(s) ≥ 0. Also, in the case in which λ j = 0 presents no problem, only the number of equations in (5.6) is reduced. We assume λ j = 0 in the following.
T will be determined by the first two equations in (5.44). They, together with the first condition in Theorem 5, lead to
A nonsingular E(s L ,s R ) leads via the Kreiss condition and Parseval's relation; (see section 5.1.2) to the
It still must be shown that (5.29) for E, defined in (5.49), holds. A direct calculation using (5.49),(5.47), and (5.48) leads to 
In (5.50), the forcing terms and the boundary conditions at x ± 1 are neglected.
Numerical experiments. By making one-dimensional computations using the nonlinear Euler and
Navier-Stokes equations, we can check whether the theoretical conclusions drawn from the analysis of the constant coefficient problem agree with the results obtained in practice.
In the calculations below, we use the second order scheme (given in (A.1)-(A.5)) and the fourth and sixth order schemes reported in [24] . To integrate in time, a five-stage fourth-order RK scheme [33] has been used. Consider the stability condition (5.36). In the calculations below we have used σ = −1/2 and the First, we consider a sound propagation problem. The computational results, obtained using the nonlinear
Euler equations at Mach number 0.5, are compared with an exact solution of the linearized problem. In Figure 6 .1 The errors for second, fourth, and sixth order schemes using one domain (1Dom), four uniform domains (4Dom), and eight randomly spaced domains (Rand) are shown. Clearly, the order of accuracy is independent of the presence and location of the interfaces. Due to the small amplitudes (∝ 10 −7 ) used in the sixth order cases, we encounter round off, which can be seen as the kink on the sixth order results.
Next, we consider a viscous shock propagation problem at Mach number 2.0 and Reynolds number 150. The exact solution of the Navier-Stokes equation for this case can be found in [34] . In Figure 6 .2, the errors for second, fourth, and sixth order schemes using eight uniform domains (Unif) and eight randomly spaced domains (NonU) are shown. Also in this case, the order of accuracy is independent of the location of the interfaces.
The curves in the sixth order case are not straight, see Table 6 .1; results from nonuniform grid calculations are given in Table 6 .2. The convergence rate between the two grids is listed.
The asymptotic limit approaches −6. Note that the trends are identical between the nonuniform and uniform cases.
In Figure 6 .3, the propagating shock (ws = 0.25) for four different times is shown. In this case, the sixth order scheme and 24 gridpoints were used in each domain.
Finally we will discuss two additional questions concerning accuracy and stability/efficiency. To investigate the influence of interface conditions on accuracy, we made the calculations illustrated in Table 6 .3. The calculations are run to a physical time T = 3 at Mach number 2.0 and Reynolds number Re = 250. The sixth order SBP scheme is used, and the number of total points is 289 evenly distributed on the interval −1/2 ≤ x ≤ 1. The parameter in the study is the number of subdomains, keeping the total number of intervals constant. The number of subdomains ranges from 1 to 24. For the case of 24 subdomains, the spatial operator involves 12 boundary stencils (fifth-order) and one sixth-order interior stencil. No further divisions are possible when using the sixth-order SBP operator. Note that this case is only marginally less accurate than the single domain case, for which the most points are discretized with sixth-order stencils.
The previous study indicates that there is little loss of accuracy when subdividing the domain. There are, however, other costs associated with domain subdivision. Introduction of additional interfaces into the domain changes the resulting eigenspectrum of the semidiscrete operator. In [22] , a reduction in the effective CFL, when using a penalty boundary procedure, was observed. We experience a similar reduction in the stability envelop as the number of subdomains is increased.
In Table 6 function of Reynolds number for the two cases. Note that while the errors are nearly equivalent for the two test cases, the maximum CFL for the single domain case is nearly a factor of two larger.
Summary and conclusions.
We have analyzed boundary conditions and interface conditions for the one-dimensional Euler and Navier-Stokes equations. Both the continuous and semi-discrete problems have been considered.
We have considered summation-by-parts operators and derived strictly and strongly stable boundary and interface conditions for the Euler and Navier-Stokes equations. We have also considered the question of accuracy, both in the general case and more specifically for a second order accurate approximation of the Euler equations.
The interface conditions are stable and conservative even if the finite difference operators and mesh sizes vary from domain to domain. Numerical experiments which include a sound propagating problem and a viscous shock propagating problem show that the new conditions lead to accurate and stable results for the corresponding nonlinear problems also.
It was also shown by numerical experiments that there is little loss of accuracy associated with domain subdivision. However, the introduction of interfaces into the domain changed the eigenspectrum of the semidiscrete operator and caused a reduction of the CFL number by approximately a factor of two.
Appendix A. Stencils. We now present a few examples of the specific form of the stencils that have the SBP property. For more accurate stencils, see [24] . The second order accurate discretization matrix that 
